Complex electric field:

E*(t)

Spectral field strength with only positive frequencies:
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E*(t) and E1(Q) are related to each other through:
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These quantities relate to the real electric field:

E(t)=E*(t)+ E (1)

and its complex Fourier transform:

E(Q) =FEYQ)+ E~(Q)



The complicated but “sexy” approach

The Hilbert Transform

Reference (Textbook): S. Haykin, Communication Sy-
stem, 4th ed. (Wiley, New York, 2001).

The Hilbert transform correspond to applying a phase
shift of /2 to the components of a signal. The Hilbert
transform of g(t) is:
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The inverse Hilbert transform:

These are convolutions of ¢(r) with 1/(nw7).
The Fourier transform of 1/(77)

is the “signum function” Sign(Q2)
(Fig. 1) corresponding indeed to
a phase shift of 7 /2 between po-
sitive and negative frequencies.
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g(t) is also defined as the Q
analytical continuation of the .
function ¢(t). Given a real

function g¢(t), one defines the
complex “analytic signal” g, (¢) - ' ‘
of g(t) by: igure 1: signum function.

g+(t) = g(t) +1ig(1), (9)
of which the Fourier transform is:

G.(Q) = G(Q) + sign(Q) E(Q). (10)

The transformation from G(2) to the complex function
G (2) corresponds to eliminating the negative part of the
Fourier transform by adding its opposite. This is exactly
how E(t) was defined in the previous slide.



() as defined in Eq. (6)
(t) as defined in Eq. (5)



This approach was re-introduced “as something new” in
nonlinear optics by Conforti et al. [1] and cited by many [2,
3]. The context is that of defining a nonlinear polarization:

P(t) = X(2)E5(t)Ei(t). (11)
In complex notations, one often writes:
]5(15) = X(Q)E’S(t)Ei(t). (12)

Instead, Conforti et al. [1] define the complex P(t) by ta-
king the Fourier transform of P(t) defined by Eq (11), eli-
minating the negative part, and taking the inverse Fourier
transform. No need to evoke the Hilbert transform to per-
form that operation. The two approaches are equivalent
when the spectra of the fields Es and E; do not overlap.
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