
Coherent Interactions - just 2 levels

We consider a laser pulse described by:

E(t) = E1(t)ei[ωℓ,1t+φ1(t)] + c.c. (1)

The relevant two level system is sketched in Fig. 1. The detuning is defined as:

∆1 = ω01 − ωℓ,1 (2)

Figure 1: Two-level system.

The coupling with the system is through the dipole interaction term in the time
dependent Schrödinger equation:

Hψ = ih̄
∂ψ

∂t
, (3)

with:
H = H0 +H ′ = H0 − p · E(t) (4)

where p is the dipole moment. The wave function ψ is written as a linear combination of
the wave function of the unperturbed atomic system ψk:

ψ(t) =
∑
k

ak(t)ψk = a0ψ0 + a1ψ1 (5)

which leads to a system of differential equations for the coefficients ak(t):

dak
dt

= iωkak +
∑
j

i

2h̄
pk,j[Ẽ1eiωℓ,1t + c.c.]aj (6)
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Spelling it out:

da0
dt

= 0 +
i

2h̄
p01Ẽ∗

1e
iωℓ,1ta1

da1
dt

= iωℓ,1a1 +
i

2h̄
p01Ẽ1eiωℓ,1ta0

(7)

The “rotating frame” approximation for this particular situation is:

a0 = c0

a1 = e−iωℓ,1t c1 (8)

Substituting:

dc0
dt

=
i

2h̄
p1,0Ẽ∗

1 (t) c1

dc1
dt

= −i∆1c1 +
i

2h̄
p0,1Ẽ1(t)c0 (9)

This systems takes a simpler form is we define the Rabi frequency as:

Ẽ1 =
i

h̄
p1,0Ẽ1 (10)

Substituting:

dc0
dt

= 0 +
1

2
Ẽ1c1 + 0

dc1
dt

= −1

2
Ẽ∗

1c0 − i∆1c1

(11)

or in matrix form:

d

dt

 c0
c1

 =

 0 1
2Ẽ1

−1
2Ẽ

∗
1 i∆1

 c0
c1

 (12)

The system of equations (12) is generally easy to solve numerically. One is generally
not interested in expressing the results as a matrix of c coefficients, but instead the 2× 2
matrix of the density matrix elements ρij = cic

∗
j . The diagonal elements cic

∗
i represent the

populations of the level i. The off-diagonal elements cic
∗
j are a measure of the amplitude

excitation at the frequency ωj − ωi, and is directly connected to the polarization.
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ρ̇01 = ċ0c
∗
1 + c0ċ

∗
1 =

1

2
E(c1c

∗
1 − c0c

∗
0) + i∆c0c

∗
1 (13)

and

ρ̇11 = −1

2
c0c

∗
1 −

1

2
c0c

∗
1 (14)

Defining:

W =
1

2
(ρ11 − ρ00)

leads to Bloch’s equations:

ρ̇01 = i∆ρ01 + EW

Ẇ = −ReEρ∗01 (15)

ρ̇11 − ρ̇00 =
2p

h̄

[
iρ01Ẽ

∗ − iρ10Ẽ
]

(16)

ρ̇01 = iω0ρ01 +
ipẼ

h̄
[ρ11 − ρ00] (17)

We define u, v, w as:

ρ01 = (u+ iv)ei(ωt+φ)

w = ρ11 − ρ00 (18)

to get the Maxwell-Bloch equations:

u̇ = (ω0 − ωℓ − φ̇)v − u

T2
(19)

v̇ = −(ω0 − ωℓ − φ̇)u− κEw − v

T2
(20)

ẇ = κEv − w − w0

T1
(21)

The quantity κE with κ = p/h̄ is the Rabi frequency. T1 and T2 are respectively the
energy and phase relaxation times. Most of the energy conserving relaxations are generally
lumped in the phase relaxation time T2
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Defining:

Q̃ = −ic0c∗1
W = c1c

∗
1 − c0c

∗
0 (22)

leads to:

˙̃Q = i(ω0 − ωℓ)Q̃− κẼw − Q̃

T2
(23)

ẇ =
κ

2
[Q̃∗Ẽ + Q̃Ẽ∗]− w − w0

T1
(24)

∂Ẽ
∂z

= −µ0ωℓc

2n

∫ ∞

0
Q̃(ω′

0)ginh(ω
′
0 − ωih)dω

′
0. (25)

.
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